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PRODUCT INTEGRALS
OF CONTINUOUS RESOLVENTS:
EXISTENCE AND NONEXISTENCE

BY
M. A.FREEDMAN

ABSTRACT

Let {{I-AA(1)]':0=A =A,0=1= T} be a family of resolvents of bounded
linear m-dissipative operators A(t) on a Banach space X. Suppose that the
map(A, t,x » [I —AA{t)]'x is jointly continuous. Then we show .it is not
necessarily true that for each x€&€X:(1) the product integral
lim, . T, [I—(¢/n)A(it/n)] ' x exists, (2) the initial value problem y'(t) =
A(t)y(t), y(0)= x has a strong solution.

1. Introduction

Consider the evolution equation
(1.1) % =A(t)y, 0=t=T, with given initial value y(0)

where for each t, A(t) is an operator on a Banach space (X,|-|)) and y is
X-valued. In the study of this equation, it is customary to impose on A sufficient
spatial and temporal hypotheses so as to ensure the existence of a solution y.
Spatial hypotheses encompass the notions of continuity (e.g. boundedness,
compactness, closedness or Lipschitz continuity of the operator A (t)), positivity
(e.g. each A (¢) is positive, selfadjoint, monotone or accretive) and linearity (e.g.
A(t) is a linear, semilinear, quasilinear or nonlinear operator). On the other
hand, temporal hypotheses may be categorized according to conditions put
directly on A(-) itself or conditions imposed on its resolvent, J,(t)=
[I—AA(1)]". Conditions on A itself are generally easy to verify, for example,
continuity of A (-). Resolvent type conditions, though usually more difficult to
check, are useful for applications in the areas of functional and partial
differential equations.
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We shall consider the well-known Crandall-Pazy resolvent conditions which
suppose that a family of nonlinear operators A(t) on X satisfies for some real
number w,

(i) D =Dom(A(t)) is independent of t,
(i) Dom(J,(1))2 D for 0=¢t=T and all 0< A <A, where wA <1,
(ii1) each J,(¢) is a Lipschitz mapping with (J, (1)p=(1 —Aw)™',

(iv) there exist a continuous function f: [0, T]— X and an increasing function
L such that

Ia()x = Ju(s)x [ = Al (0) = FHI L xl)
for0<A <A, 0=s5t=T and x€D.

Crandall and Pazy in [1] prove that these conditions imply the existence of the
product integral

t def n _
(1.2) l;IJ,,g(§)x = linlilzlll,/n(it/n)x forallx €D, 1€[0,T]
and that this product integral provides the strong solution y(¢) = Il J.: (£) y(0) to
(1.1) whenever such a solution exists. In turn, the solution to the ‘“‘abstract”
ordinary differential equation (1.1) can provide the solution to a concrete partial
differential equation. The key is to view (1.1) as a partial differential equation by
specially choosing X to be a function space acted on by a particular partial
differential operator A (t). This is illustrated in [1] by way of a nonautonomous
nonlinear partial differential equation, shown to have a unique solution.
Likewise in [5] and [14] general nonautonomous functional differential equa-
tions are analyzed and solved by choosing suitable X and A in (1.1) so that
conditions (i}-(iv) are satisfied.

Evans in [7], Pierre in [11] and Webb and Badii in [14] all work with variants
of the Crandall-Pazy conditions. In particular, each assumes conditions similar
or identical to (i), (ii) and (iii) and substitutes a variant of (iv), in order to prove
existence of (1.2) or some type of solution to (1.1). We too shall single out
condition (iv) for replacement. After all, as shown by the Hille-Yosida theorem,
at least in the linear autonomous case, a version of conditions (i), (ii), and (iii) is
not only sufficient but also necessary for the existence of (1.2). It is the
nonautonomous condition (iv) which seems somewhat unnatural and which we
investigate.

An essential feature of (iv) is that the time dependence of A (¢) is uniform with
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respect to the space variable x. Martin [9], Dollard and Friedman [3] and
Schechter [12], [13] break away from any assumption of uniform time depen-
dence but assume as a trade-off that A is continuous in its spatial variable. In
Sections 2, 3 and 4, we too shall investigate questions of existence of (1.2) when
(iv) is replaced by temporal hypotheses not uniform in the space variable.

In Section 4 it is shown that the Crandall-Pazy conditions, while sufficient, are
not necessary for the existence of (1.2). Specifically, we exhibit a family
{A (t)}o=:=7 of bounded linear operators which satisfies conditions (i), (ii) and (iii)
but not (iv) or any variant of (iv) and for which the product integral (1.2) exists.
In contrast to this example, our investigations in Section 3 will demonstrate that
existence of (1.2) does not necessarily follow when (iv) is weakened to

(iv) Jy () is a strongly continuous function of the ordered pair (A, t) € [0,) X
[0, T],

even if (i), (ii) and (iii) are replaced by the simpler and stronger hypotheses
(1) each A(¢) is a bounded linear operator with Dom(A(t))= X,
@iy Dom(J,(t))= X, and
(i) (Li(tPup,=1and all ¢t and A.

To begin, we first examine a case of existence of the product integral.

2. Product integrals of Lipschitz continuous resolvents

Given a Banach space (X, ||-|), let Lip (X) denote the set of Lipschitz operators
T defined on all of X. Thus for each T € Lip (X)), the Lipschitz seminorm of T:

(T)up= sup H_TL—_TLU

xyEX ”x_YH ’
x#y

is finite. We shall consider Lip (X) as a Banach space, which is the case under the
Lipschitz norm given by

[ Tlleio =l TO)[ +{ Thusp -

THEOREM 2.1. Let{A (t)}o=.=: be a family of Lipschitz operators on X satisfy-
ing: t A(t)x is continuous on 0=t = T for every x € X, and (A (1)), = M for
0=t=T. Then,

(i) the initial value problem (1.1) has a unique classical solution y(t),

(i) the product integral I1,J.(€)x as defined by (1.2) exists for every x € X,
0=t =T and it equals y(t).



148 M. A. FREEDMAN Isr. J. Math.

ProoF. Clearly, continuity in ¢t for each fixed x and the Lipschitz condition
imply that A is jointly continuous on the strip [0, T} X X. Hence A satisfies the
hypotheses of the Picard existence theorem for ordinary differential equations
(cf. [8, p. 322]), and this theorem yields the solution we seek in (i).

As for the proof of (i), given t €(0, T], let{t}/_, be the partition of [0, ¢] with
t, =it/n, i =0,1,---,n.Nowif x € X and y is the solution of (1.1) with the initial
condition y(0) = x, then y satisfies

2.3) YW=y [ AGy© s i=1en
Letting Pi=1—(t —t..,)A(t) and y. = y(t), (2.3) can be written as
(2.4) Py =yt where 3 =Jﬂ A(s)y(s)ds —(t = t2) A(t)y (8).

Next define the sequence of vectors zoy=x,andfori=1:z; = P;'z ., where we
assume that n is large enough so that ||(t —t-\)A(L)|lup < 1. Therefore, if
o =|ly. — z:|| and w; = max{1,{P; ")} then from (2.4):

o; :HP;](P;')’.')_PI'_I(PI'Z")“
(2.5) = <PivI>Lip” Yio—zioi+ 8|
= poin + ).

Now, for each i, multiply both sides of (2.5) by II}_.., u;, and then sum over i for
1 =i=n. Since a,=0, it follows that for n = 2tM,

a3 (TTw)1al=(TTw) Sat= e Shal,

where we have used the bounds w; = 1/(1—tM/n)=1+2tM/n <™.
For each i we have

a1=|]" v6)-yands

= (- nsup{ Iy ) -y @l:s € | S

Since y'(s) is continuous, given &£ >0 there exists n, such that for all n = n,,
8| = e ™™ (t — t.)/t. Hence, for all such n,

po-ili-2a(z)] =

=, = eZ‘Mz Ee_Z'M (t. - ,'—1)/[ = E.
=
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Therefore, Il J.(€)x exists and equals y(¢) for all t €[0, T).

Throughout the remainder of this section, assume that A :[0, T} X X— X is
an arbitrary nonlinear operator with resolvent J,(t) which satisfies:

2.1) JL(t)ELip(X)  foreach (A, t)in the rectangle [0,A] X [0, T},
(2.2) (A1) Ji(t) is a continuous map from [0,A] X [0, T] into Lip (X).

LEMMA 2.1. For each t €[0,T], A(t) is a Lipschitz operator on X, and
M = sup.ep.r1{A () is finite.

ProoF. Since Ji(t)=1 and J is continuous, there exists u >0 such that
(I —J.(t)up<0.5 for all t €[0, T]. It follows (cf. [10, p. 66]) that for each ¢,
J.'(t) exists in Lip (X) and satisfies (J,.' (1)) = 1/(1 = (I = J,.(t))uip). Therefore,

<-1_ —1‘—' <2
(A(t)>Lip=“{1+1—(I—J,L(t)>up}=llv' .

LemmA 22. If {t.}.-.C[0,T] and t.—t, then, for all x€E€X,
A(t)x— A(ty)x.

ProOF. Let u be such that (I —J,(t))u» < 1. Hence J,.'(t) € Lip(X). The
proof is completed by identifying J,.(t) with F and J.(t)— J.(%) with G, in
Lemma 2.3 below.

LemMA 2.3. Suppose F € Lip(X) has inverse F~' in Lip(X) and {G.}.-i is a
sequence in Lip(X) with | G.|,—0 as n—». Then eventually F— G, has
inverse in Lip(X) and lim,_..(F — G.) '(x)=F'(x) for each x € X.

Proor. Eventually || G, |luip <||F'||Cir» which implies that (F — G,.)™' exists in
Lip (X) [10, p. 66]. Taking this to be the case, given x € X let z, = (F — G.) ' (x)
and z = F~'(x). Then

lzo = zI=IF ol F(za) = F@Il = | F ' il Gu (z0)l
= F o G (2) = Ga(2)[1+ [ G (2) = G (O + [ G (O)])
SF 7 ol Galluo (22 = 2 ||+ 2 [+ 1),

which implies that

LF sl G Juolz L+ 1) -
— S — .
Iz =2 = P, [Gu o

Applying Lemmas 2.1 and 2.2 to Theorem 2.1 now yields
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THEOREM 2.2. If A has resolvent which satisfies conditions (2.1) and (2.2), the
product integral 11,J.(£)x exists for every x € X and t €[0,T).

RemMARrks. (1) Though A (¢) is not assumed to be dissipative, contained in
condition (2.2) is the strong assumption that for each fixed t,lim, ; of|[J, (t) = I||uip, =
0. While this assumption may limit the scope of Theorem 2.2, we have included
this theorem mainly to put into sharper focus the nonexistence results presented
in Section 3 where Lipschitz continuity is weakened to strong continuity.

(2) If each A (t)is additionally assumed to be a linear operator on X, it can be
shown that the product integral Il,J. (&) converges in the operator-norm
topology for every ¢t in [0, T].

3. Counterexample

We shall exhibit a family of operators {A (¢)}=.= on a Banach space X
satisfying

(3.1) for each t€[0,1], A(t) is a bounded linear operator
defined on all of X,

(3.2) for each t €[0,1], A (t) is m-dissipative (i.e. conditions (ii)
and (iii) of Section 1 are satisfied),

(3.3) Ji(®)x =[I—AA ()] "' x is a jointly continuous function of
the triple (A, 4, x)€[0,)x[0,1] X X,
and such that:

PROPOSITION 3.1.  There is a w € X such that 11, J..(§)w does not exist for any
t€(0,1].

PROPOSITION 3.2.  There is a y(0) € X such that the initial value problem (1.1)
has no strong solution for any T >0.

As a consequence of these propositions, it is clear that the following two
statements:

for every xo € X, there is at least one t €(0,1] for which the
product integral 11y J4: (€)X exists,

for every y(0) € X, there exists T >0 such that the initial value
problem (1.1) has a strong solution y(t),

are false.
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By a strong solution to the initial value problem (1.1) with initial value x, is
meant a function y :[0, T]— X such that

(1) y is continuous on [0, T] and y(0) = x,

(2) y is absolutely continuous on compact subsets of (0, T),

(3) y is differentiable a.e. on (0, T) and satisfies (1.1) a.e.

The continuity condition (3.3) is equivalent to separate continuity in A, ¢ and x
of the map (A,t,x) J,(t)x when A satisfies (3.1), (3.2) and || A (¢) |}, the operator
norm of A (t), is bounded. However, this case is of no interest with respect to the
preceding propositions, for it implies that for fixed x and t, each A(f)x is the
uniform limit as n —  of the ¢t-continuous Yosida approximants n{Jy(£)x — x).
Hence A (¢) is strongly continuous, so, as follows from Theorem 2.1, the product
integral (1.2) exists. In general, though, for A with || A (t)| unbounded on [0,1],
condition (3.3) is stronger than separate continuity.

In the construction of the counterexample, we first define the (}-norm of a
sequence x = (xi, X2, -+ ) of elements drawn from ¢. as

: N <« and 01,02,---6{0,1}}.

N
z 0.-xi
=

s
Our counterexample will be set in the space

0= {(x.-)?il:xi € ¢, lim{/x; [l. = 0 and |(x:). ]9<00}.

LemMa 3.1. (Q,]:]a) is a Banach space.

ProoF. Clearly || is a norm on the space of sequences of elements drawn
from ¢. Now consider the space Z = {(x;)i~1: x; € ¢. and [(x;); |o < }. The proof
that Z is complete under the (}-norm follows the same steps as the ordinary
proof of the completeness of £... But {1 is a closed subspace of Z, as is clear from
the inequality

(34) ||x|l-=|xlo  for every index k applied to any x = (x;)i=, in Q.
Therefore, £ is itself a complete normed linear space.

The next lemma shows that () contains a vector having components which
might usually be associated with a divergent series.

LEMMA 3.2. There exists w = (wy, wa, ws,* <) EQ which satisfies

M N
(3.5) “ 21 w,~" =land |, w,-" = %, for infinitely many choices of M and N.
=l =



152 M. A. FREEDMAN Isr. J. Math.
ProOF. Let e, =(0,--+,0,1,0,---) be the vector with 1 in the kth component
and 0’s elsewhere. Let w, = e,. If n and j are positive integers with 2"™' <j =2",
we define
g — 1!"
(3'6) W,‘ = 2n—1 (en + en+1)-

Hence

§ = (F520) 1 e = (-1 e e

j=2""141
and
(3/4)2n 1 n
2 w; -g——lz (€n + €nsr).
,'=2"“+1 , =2""141
Therefore,
2k
Zw, =wi+ 2 Y wi=e—(ete)t(ete)— (1) (et en)
1 j=k-14
=(—1)"ens,
and
(3/4)2n 2n-1
Z wi = 21 wl +£_l(en +en+1) g—l(en+l )
j= j=
Thus

,
Sl -1
=1 ®

DEeFINITIONS 3.1. (1) Let J(t) denote the function whose graph is the
triangular spike with vertices at (—1,0), (0,1) and (1,0). Thus

(3/4)2n 1
f 1%L=7 .

js

_{0, if [t]=1;
g(t)_{l—ltl, if [t]=1
(2) For each p =1,2,-- leta,(t) = —2°" F(2°"*¢t —3).
(3) Foreach t €(0,1] and x € € define A () to be the diagonal operator given
by A(t)x =(a,(t)x,),-1, and let A(0)=0.

REMARKS 3.1. (1) We see that each a, is a downward triangular spike, and
the a,’s have nonoverlapping supports. Hence, given x = (x,)p-1,

AMx =0, 0,a,(t)xy,0,--+), whent€E[27¢*277],
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(2) Keep in mind that x, and a,(t)x, are themselves elements of ¢., not
scalars.
(3) Observe that each a, satisfies: if 0<t =1 and p =log,(1/t) then

J’a,,(s)ds=—1 and a,(c)=0 forallt=o=1.
0

(4) The idea of constructing a function, like A, as a sequence of projection
operators of increasing norms appears in a similar construction in Dieudonné’s

paper [2].

LeEmMMA 3.3. The operators {A (t)}os:=: are bounded, linear m-dissipative on Q)
and satisfy (3.3).

Proor. Remark 1 above shows that each A(t) is bounded, linear, and that
for each x €0},

L(@®)x = (x1,%2,,(1 =A@, () Xpy Xpu1,-+7)  when t €[27%7),277].

To prove m-dissipativeness, we will need the inequality: For any 6 €[0,1] and
21,2, € (m,

||Zl + 022||m = ”(1 - 0)21 + 8(21 + 22)||m§(1 - 0)"21”00+ 0“21 + Zz"ae
=max (| zi [, z: + 2:[}-).

Hence, if A >0, t €[277"",277] and x € (), then for any finite set F C{1,2,3,--+}
with p& F, we have
] = max{

max{ zxi
i€EF
Therefore, for 8 =1/(1— Aa,(t)),

2 x

i€F

Zx:

ieF

in+x,,

i€F

2 Xi + Ox,,

i€F

}§|x|,,.

b
%©

b
o

Z Xi + 0x,,

i€F

[L(@®)x]e= sup{max{

§|x 'ﬂ.

s
o

}:Fg{l,Z,- --} is finite and p & F}

Finally, we verify (3.3). In the case 0<t =1, (3.3) follows easily from the
continuity of A(t). We leave the details to the reader. For t =0, let{t,} be any
sequence which approaches zero and such that ¢, €[27¢*°,27%], p=1,2,---.
Then for x, y €EQ and A, u =0, we have J, (0)x = x and

[HO)x =Tty la=]x—ylat|L(t)y = ylo
= 'x -y |ﬂ+”([1 _l"'ap(tp)]—l_l))’p ”°°
=lx=ylat{ypl-
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which approaches 0 as (u, t,, y ) approaches (A, 0, x). [

We shall require one more preliminary lemma in order to complete the
counterexample.

LemMMA 34. Given x€Q, if IlJe(&)x exists, it must equal
(exp(Joa,(s)dx)x, );-1.

Proofr. Let y, =exp(foa,(s)ds)x,. Then, since a, is continuous, it easily
follows (cf. [4, p. 52]) that y, = lim,_.[I;[1 - (¢/n)a,(it/n)] " x,.

Suppose I16J,(¢)x equals the vector (z,);-., where for each p, z, = {z?}/-,
and x, = {x};_,. Then for each pair of indices 2 and #, inequality (3.4) yields:

= [im

n—o

H Jun(it/n)x — (2, )51

= lim ’ (H[l = (t/n)ay(it/n)] " x, ~ ZP>:=1 ln

n-»>w

2 lim sup sup

n—x pzl jz=1

H[l_(t/n)ap(lt/n)]l D50

=

llmn[l (t/n)as (it/n)] 'x$ -2z

n—oo j=1

’y(f) g)l;o

Therefore, y, = 2z, for every index p, and the proof is complete.

PrROOF OF PROPOSITION 3.1. With w taken from Lemma 3.2 and given
t €(0,1], consider

x

def
A, (1) =

ileI[I —(t/!q)A(it/q)] ' w — (exp(L‘ a,,(s)ds) w,,)p:] .

= l(g(P,‘I) We )=t la,

where we define g(p,q)=I{-,[1—(t/q)a,(it/q)] ' —exp(Joa,(s)ds). By the
previous lemma, it will suffice to show that A,(t) is bounded away from zero for
all g. Remarks 3.1 give that

gp.q)=1-1/e for all integers p and g such that p = log,(q/t).

Therefore, for each positive integer g, Lemma 3.2 shows there exist integers
M > N >log:(q/t) such that
11
(1_—) ml_Z(l e)'

A, ()=

Mz

M
2 8w,
p=N
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The proof is finished.

There is a more general definition of the product integral 11y J.(£)w: For each
& >0 there exists a partition 7 of [0, ] such that if {a:}i~, is any partition of [0, ]
which includes 7 (i.e. o is a refinement of 7) then

I;[szg(f)w - EIIJG,._G,._‘(G.-)W ( <e¢.

)

This leads to

CoROLLARY 3.1. With A and w as in Proposition 3.1, the product integral
5 Jue (€)w does not exist even if convergence of the product integral is taken in the
sense of successive refinements of partitions described above.

Proor. It will suffice to show that given 0<t =1, if 7 is a partition of the
interval [0, t], there is a refinement o = {g:}_y of 7 such that

3

A1) = ‘ ({ﬁ [1- (01 - o-)a, (o) = exp (L 4 (s)ds)} w,,)

=1 p=1

[¢]

Z g (p o mla = (1~ 1/e).

In fact, let o equal 7 itself, where 7 is given by: 0= 7y < 7, <--- <7, =1 Now
set P equal to a positive integer which satisfies 2”7 = 7,. Then, by Lemma 3.2
there exist integers M > N > @ such that
1 1
=3(-3)- n

1 M
) X
PrOOF OF PROPOSITION 3.2. Let A be as in Definitions 3.1. We first show that
for X =Q, if y(¢) is a strong solution to (1.1) and y(0) = (x,);-,. then

INOE

pZN g(p. 7w,

(RIv)] y(t)= (exp(J: a,,(s)ds) x,,);‘ forall t €10,1].

On [0,1], suppose y(t)=(y,(t));-1, where for each p, y,(t) ={y¥(t)};-1. Then
for each pair of indices  and $:

(Xagt_ﬂtzeig—ap(t)yp('));lﬂ

0=1lim

P h
o - .
= lim sup sup Yot h)=yp (1) a,(t)y?y
r—0 pzl jz1 h ®
) @
= lim 2 e+ }% ye (1) ag(t)y(g‘f’(t)l almost everywhere.
R0
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Hence, for almost all 1 €(0,1), y$"(t)=a»(t)y’ (t) and y'0)=x2(0).
Furthermore, it is immediately clear from inequality (3.4) that y(t) absolutely
continuous on compact subsets of (0,1) implies the same for the coordinate
function y$’(t). Therefore y4'(t) =exp(Joa»(s)ds)x'’(0) on [0,1], and (3.7)
follows.

Now consider the case where y(0) equals the vector w from Lemma 3.2. To
complete the proof, it will suffice to show that as t — (), y(¢) does not converge to
w. Let{h,},-, be a sequence of numbers such that lim,_.. h, =0, h, = 1/2* and
y'(hy) = A(h,)y(h;). Then, by Remarks 3.1 and Lemma 3.2, for each positive
integer g there exist positive integers M > N > g such that

(- . -,{exp (thaq(s)ds) — l}w,,,{exp<fqaq+n(s)ds) - 1} Wq+1s
oot )

=|(- ',(evl - 1)wq,(e“'— 1)Wq+l»(‘fI = Dwger+)la

IY(hq)—w'ﬂz

= (1 - eVl)l(wq’ Wq+1, Wa2,* ')’0
M
2 W
p=N

=35(1-e™). [ |

z(1-e)

£

It is possible to find a function f:[0,1]— X and an increasing function L such
that the inequality in condition (iv) of Section 1 is satisfied for the operators A (t)
of Definitions 3.1. Let L equal the identity function and define f(0) =0, and for
t > 0 and in the support of a,, let f(¢) = (2a,(t)e,,0,0,---). Hence, if ¢t € supp(a,)
and s €supp(a,) with p# g, then for all A =0 and x € () we have

[L(®)x = Li(s)xla= A |[L(O)[A(E)— A (s)x |
< A|A()x — A(s)x |
= A max{|a, (1)l x, [l-, | aq ()11l xo [, | @ (£)x, — aq (5)xq [l
=2x max{|a, (t)],]aq(s)[} x |a
= A|f() = f(s)|aL (| x |a)-

The case p = g is handled similarly.
Observe that f(t) is continuous on the interval [0,1] everywhere except at
t = 0. Therefore, except for this one point of discontinuity, the family {A (¢)}os=:
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of the counterexample would satisfy the Crandall-Pazy conditions (i) through
(iv). But it is precisely this one discontinuity point which prevents the product
integral (1.2) from converging. It is even true that f is not integrable on [0,1]. In
fact, if f is any vector-valued function containing ( in its domain and such that
for some increasing function L :

(.8) [(0)x = L($)x la = A () = f(s)]aL(x|o)

for all A Z 0, x €1, and almost all s and ¢ in [0,1], then f cannot be integrable.
To see this, define u™ to be the unit vector (e, e; -+, en,0,0,:-+) and let
v = 1/2Y" and 5 = 0. Then (3.8) implies for every positive integer N:

(69 £ OAOU ot [F Ol = 10

Now,

1/2 N b
L-m.,) [ S (1) A () u™ |odt = 2} LAW” 1D (DA™ |odt
&

(3.10) N [2e N [2r
_a@] 4 -2 f -
2 s T= A 23; o [Gr(D]dE =2N]3,

where we have used the bound: 1/(1—Ana,(t))=% for all 1=p=N and
0=t =1. Combining (3.9) and (3.10) gives

W2

610 [ 1F@hkd= im s [ AU i +fOla= +.

—(N+1)

Thus f is not integrable on [0,1].

Evans [6], [7] gives conditions for the existence of the product integral which
are the same as (i)-(iv) except that conditions (iii) and (iv) need only be true for
almost every s, t € {0, T'] and for some integrable f. (See remark 10.2 of [6].) In
(61, [7] under these more general conditions, the product integra! is shown to
exist in the following sense. For every ¢t € (0, T] there exists a sequence of
partitions 7™ = (7{"){X? of [0,t] with mesh sizes approaching zero such that for
all xe € D,

N(n)

lim H Joo o (187) %0
exists. As shown above, the operators A (¢) of the counterexample do not satisfy
the Evans conditions. Thus it is no surprise that the product integral Ily J,. (£)w
of the counterexample does not exist in the Evans sense just described. This can
be seen from the proof of Corollary 3.1.
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The next section illustrates that even with f(z) not integrable on [0,1], the
product integral may exist.

4. Example

The purpose of this section is to exhibit a family of operators A(t) on a
Banach space X which satisfies conditions (i), (i) and (iii), but which does not
satisfy the inequality in (iv) for any integrable vector-valued function f, and for
which the product integral (1.2) exists for every x € X. This will then serve to
categorize the Crandall-Pazy and Evans conditions as sufficient but not neces-
sary for the existence of the product integral. We first remark that if A is any
operator-norm continuous map from [0, T] into the bounded linear operators on
a Banach space X, then while A may not satisfy condition (iv) for any
vector-valued function f, it will satisfy (iv) for f(¢) operator-valued and equal to
A(t). In this case, (1.2) will exist as follows from elementary arguments (cf. [4,
pp. 6, 80]) or as follows by the Crandall-Pazy convergence arguments in [1]
which work equally well for f vector-valued or operator-valued.

Consider now {A (f)}o=:=1 €qual to the family of diagonal operators given in
Definitions 3.1, except that each A (¢) has domain ¢o ={{x,},-1 € £-:lim, .= x, =
0}, instead of the space (). Verification of properties (i)', (i)' and (iii)' of Section 1
is trivial and left to the reader. Furthermore, we claim that for each x =
{x,}5-1 € co, the product integral (1.2) exists and equals {exp(foa,(s)ds)x,};-:.
That is,

S

110 - @) A x —{exe( | arts)d5)

lim
q— p=1

@.1)
= }Iig:s‘gg!g(p,q)pro,

where, as in Proposition 3.1,

2.0) =101 - g)a ira)) " ~exp( [ ans)as).

The limit in (4.1) easily follows since: for each fixed p, lim,—. g(p,q) =0 (see [4,
p. 52)); | g(p,q)| =2 for all p and q; and x, —>0 as p — . Finally, we argue that
the inequality of condition (iv) cannot be satisfied for this example for any
vector- or operator-valued function f which is integrable on [0,1]. This can be
seen by letting v™ =e,+e,+--- + ey, so that each v is a unit vector in co.
Next, in inequalities (3.8) through (3.11) substitute v®’ for 1™ and replace the
Q-norm with the ¢. norm. The argument then follows.
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We mention that Crandall and Pazy in [1] provide an alternate condition in
place of condition (iv). This was subsequently generalized by Evans [6], [7] as
follows:

(v) There exist a measurable function f:[0, T]— X of bounded variation and
an increasing function L such that for 0<A <A, almost all 0=s=¢t=T and
x €D:

9% = Iuks)x = AN £ = FENLAx DL+ A(s)Tads)x -
It can be shown that every statement made in this paper with respect to
condition (iv) remains valid if we replace (iv) by condition (v).

5. Questions about separability

The space £} contains a copy of €. in each of its coordinate spaces; hence it is
not separable. However, choosing coordinate spaces all equal to #. in {) was
done as a matter of simplicity. We could have defined a family of spaces

Q, = {(x,-)?;l:xi € ¢, lim||x:[l, = 0 and [(x:): |ﬂ<00], I1=Ep=ow,

Then all of the results and proofs of Section 3 would remain true if for any
p €[1,x], the space Q were replaced by (2,. Furthermore, even though (2, is a
proper subspace of  for p <, we have

ProposITION 5.1.  Each space ,, 1 < p = x, is nonseparable.

Proor. It will suffice to find an uncountable family % of vectors in (), such
that |u —v]o=1 for all u, v € %. Given a real number r € [0,1], suppose that r
has binary expansion r =.rr,- - -, where r, €{0, 1}. Define v’ as the vector in
Q, with components

v =rw; for2"'<j=2", n=1,2,--,

where the vector w; is given by equation (3.6). Now let = {v’:r €[0,1]}. Then

given u, v € %, for some index n we have
2n

2 Wf|

j=2""141

=1. [ ]

o

|u -0 ’Qz ‘("',Wzﬂ1+1,W2"|+2,"‘,W2","'),Q-2_|

As seen from the proof of Proposition 5.1, nonseparability of €}, and existence
of the vector w in Lemma 3.2 are closely related results. As such, nonseparabil-
ity is an essential ingredient in the counterexample of Section 3. We might well
ask if it would be possible to construct a counterexample for Propositions 3.1 and
3.2 in a separable Banach space. Alternatively, we pose the
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CoNIECTURE.  Given A which satisfies conditions (3.1), (3.2) and (3.3) on an
infinite dimensional space X with special properties, for example, X = L°, the
product integral (1.2) exists for every t €[0,1] and x € X.

It may also be of interest to investigate whether the product integral of the
counterexample exists in a weak sense. More generally, we ask, if for any A
which satisfies conditions (3.1), (3.2) and (3.3) on an arbitrary Banach space, does
the product integral of resolvents converge weakly?
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